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Many aromatic hydrocarbons have doubly or multiply
degenerate lowest unoccupied molecular orbitals (LU-
MOs) consisting of 2ppi-orbitals. The exchange interac-
tion between electrons on LUMOs in these dinegative
ions tends to be considered as ferromagnetic (the spin-
triplet state) by the Hund’s rule coupling. Indeed, the
triplet ground state has been observed for the dinega-
tive ions of triphenylbenzene, decacyclene, and so on.1
Benzene (Bz) has doubly degenerate LUMOs. Theoreti-
cally, the electronic state of Bz dianion (Bz2−) has been
studied by quantum chemical calculations.2, 3 It has been
reported that the ground state is the triplet state, and
the energy difference between the singlet state and triplet
state is about 0.1 eV2 or about 1 eV.3 However, since the
many body effects have not been fully treated and the
energy difference is tiny, it has not yet been determined
whether the ground state is the spin triplet state or the
spin singlet state. In addition, the ground state of Bz2−
has not been experimentally studied.
In the present paper, we discuss the ground state
of Bz2− on the basis of the numerical diagonalization
method of an effective model of pi orbitals. Then, we es-
timate the amplitude of the exchange coupling between
two electrons on LUMOs. As a result, we find that the
ground state becomes the spin singlet state, and the ex-
change coupling between LUMOs can be antiferromag-
netic.
The model Hamiltonian for Bz2− is given as follows:
H = H0 +H1, (1)
where
H0 = −tpi
6∑
i=1
∑
σ
[
χ†iσχi+1σ + h.c.
]
, (2)
H1 = U
6∑
i=1
ni↑ni↓ + (U
′ − J)
6∑
i=1
∑
σ
niσni+1σ
+U ′
6∑
i=1
∑
σ 6=σ′
niσni+1σ′
+J
6∑
i=1
[
χ†i↑χi+1↑χ
†
i+1↓χi↓
+χ†i↑χi+1↑χ
†
i↓χi+1↓ + h.c.
]
, (3)
where χ’s are atomic 2ppi orbitals of Bz; tpi, U , U
′, and
J represent the transfer integral, the intra- and inter-
orbital Coulomb interaction and the ferromagnetic ex-
change coupling, respectively. This effective model is an
extended Hubbard model (t-U -V -J model). It is well
known that the exchange coupling, J , plays a fundamen-
tal role in the property of the ground state.4, 5
The amplitude of U and tpi have been estimated by
the quantum chemical calculation: U ∼ 17 eV and
tpi ∼ 2.5eV.6, 7 Thus, we choose U/tpi = 7.0. The other
parameters have also been estimated by the same quan-
tum chemical calculations: U ′ ∼ 9 eV (U ′/tpi ∼ 3.6)
and J ∼ 1 eV (J/tpi ∼ 0.4). However, since we neglect
many other interactions (for example, the second nearest
Coulomb interactions), we regard U ′ and J as variable
parameters.
By diagonalizing the kinetic energy term H0, six
molecular orbitals, φ1 ∼ φ6, are given as follows:7
φ1 =
1√
6
(χ1 + χ2 + χ3 + χ4 + χ5 + χ6), (4)
φ2 =
1
2
√
3
(2χ1 + χ2 − χ3 − 2χ4 − χ5 + χ6), (5)
φ3 =
1
2
(χ2 + χ3 − χ5 − χ6), (6)
φ4 =
1
2
(χ2 − χ3 + χ5 − χ6), (7)
φ5 =
1
2
√
3
(2χ1 − χ2 − χ3 + 2χ4 − χ5 − χ6), (8)
φ6 =
1√
6
(χ1 − χ2 + χ3 − χ4 + χ5 − χ6). (9)
The eigen energy increases from φ1 to φ6, while φ2 (φ4)
and φ3 (φ5) are degenerate. We call φ4 (φ5) LUMO.
In Fig. 1, we show the phase diagram for the ground
state in the U ′/tpi - J/tpi plane within manifolds of S = 2,
S = 1, and S = 0. When J/tpi is increased, the ground
state changes from S = 1 to S = 0, and changes from
S = 0 to S = 2. The S = 2 state is such that the spins
of four holes become ferromagnetic by the ferromagnetic
exchange coupling J . The characters of electronic states
of the S = 1 state and S = 0 state are discussed later.
Figure 2 shows the number of electrons in the molec-
ular orbital φi (eq.(4) ∼ eq.(9)) as a function of J/tpi
at U/tpi = 7.0 and U
′/tpi = 3.5. For J/tpi <∼ 0.7, the
number of electrons is evaluated to be nφ1 ∼ 2.0, nφ2 =
nφ3 ∼ 1.9, nφ4 = nφ5 ∼ 1.0, and nφ6 ∼ 0.2, respectively.
On the other hand, for J/tpi >∼ 0.7, the number of elec-
trons is evaluated to be nφ1 ∼ 2.0, nφ2 = nφ3 ∼ 1.8,
nφ4 = nφ5 ∼ 0.8, and nφ6 ∼ 0.9, respectively. When the
ground state changes from the S = 1 state to the S = 0
state, the number of electrons in the φ6 orbital increases
dramatically.
A spin-spin correlation between LUMOs is shown
in Fig. 3, where the spin-spin correlation is given by
1
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Fig. 1. Phase diagram in U ′/tpi - J/tpi plane for an isolated di-
anionic Bz, Bz2−, system.
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Fig. 2. Number of electrons of i-th molecular orbital φi (eq.(4) ∼
eq.(9)) as a function of J/tpi .
〈Szφ4Szφ5〉 =
[〈nφ4↑nφ5↑〉 − 〈nφ4↑nφ5↓〉 − 〈nφ4↓nφ5↑〉 +
〈nφ4↓nφ5↓〉
]
/4. For J/tpi <∼ 0.7, the correlation is
〈Szφ4Szφ5〉 ∼ 0.15, and it is ferromagnetic. This correla-
tion is understood as follows. The number of electrons
in each LUMOs is evaluated to be nφ4 = nφ5 ∼ 1 as
shown in Fig. 2. Two electrons occupying LUMOs form
the ferromagnetic state due to the ferromagnetic inter-
action between two electrons on LUMOs (Hund’s rule
coupling). At U ′/tpi = 3.5 and J/tpi = 0.3, the ferromag-
netic interaction between LUMOs, Jp, is estimated to be
Jp = E(S = 0)−E(S = 1) ∼ 0.34tpi. Using tpi ∼ 2.5 eV,7
Jp is of the order of 0.9eV. On the other hand, we find
that for J/tpi >∼ 0.7, the correlation is 〈S
z
φ4
Szφ5〉 ∼ −0.05,
and is antiferromagnetic, although the occupancy of φ4
and φ5 is nφ4 = nφ5 ∼ 1, as in the case of the ferro-
magnetic state. The reason why the spin-spin correlation
becomes antiferromagnetic is due to the increase of the
correlation between the φ6 orbital and other molecular
orbitals. For U ′/tpi = 3.5, and J/tpi = 0.9, the antiferro-
magnetic interaction between LUMOs, Jp, is estimated
to be Jp = E(S = 0)− E(S = 1) ∼ −0.1tpi ∼ −0.3eV.
In conclusion, we have clarified the phase diagram of
0.0 0.2 0.4 0.6 0.8 1.0
-0.10
-0.05
0.00
0.05
0.10
0.15
U'/t =3.5
U/t =7.0
S=1
<S
z
4S
z
5>
J/t
S=0
Fig. 3. Spin-spin correlation between LUMOs (φ4 and φ5) as a
function of J/tpi. The dotted line is the border of the S = 1 state
and the S = 0 state.
the ground state of Bz2− by the numerical diagonaliza-
tion of the extended Hubbard model. We have shown
that the ground state can be the spin-singlet state, de-
pending on the size of ferromagnetic coupling between
adjacent carbon atoms. Then, we have found that the
exchange interaction between two electrons on LUMOs
can be antiferromagnetic, in contrast to the ferromag-
netic exchange interaction expected by the Hund’s rule
coupling.
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